
ReflexiveHull

Let R be an arbitrary ring. For a left1 R-module M the evaluation map M
ε
−→ M∗∗ is natural,

where ∗ = HomR(−, R) is the dualizing functor. M is called reflexive if the evaluation map

M
ε
−→ M∗∗ is an isomorphism. So in general one is intereseted in the kernel and cokernel of ε.

Now let P1

ϕ
−→ P0 → M → 0 be an exact sequence with P1 and P0 finitely generated projective

modules. We call such a sequence a finite projective presentation of M . Following [Aus66] we

define for M its so-called Auslander dual module M⊤ := coker(P ∗
0

ϕ∗

−−→ P ∗
1 ). The isomorphism

class of M⊤ depends on the presentation of M , but its projective equivalence class depends only
on (the isomorphism class of) M (cf. [AB69] and [Eis95, Exercise A3.22]). Further, the so-called
evaluation sequence

0 → Ext1R(M⊤, R) → M
ε
−→ M∗∗

→ Ext2R(M⊤, R) → 0

is exact (cf. [Aus66] and [HS97, Exercise IV.7.3]). Hence: ker(ε) = Ext1R(M⊤, R) and coker(ε) =
Ext2R(M⊤, R).

In [AB69] a module M with a finite projective presentation is called k-torsion free if

Exti
R(M⊤, R) = 0 for 1 ≤ i ≤ k.

Hence, a module M with a finite projective presentation is reflexive, iff M is 2-torsion free.

For rings where

(Refl) for a finitely generated module M its double-dual M∗∗ is reflexive,

one may call M∗∗ the reflexive hull of M . For commutative noetherian rings this is the case (for a
noncommutative two-side noetherian ring see [AB69, the Propositions on p. 143f and the Remark
on p. 145]: we need a ring where whenever Ext2R(N, R) is projective for a finitely generated module
N , then Ext2R(N, R) = 0).

From now on let R be a left Ore (not necessarily commutative) domain (e.g. a left noetherian
integral domain). It now makes sense to speak about the torsion submodule t(M) of the left
module M . For a module M with a finite projective presentation there is a natural isomorphism
t(M) = Ext1R(M⊤, R) (cf. [AB69, Pal70, Kas95] and [Qua99] for Ore domains2). Hence, torsion
freeness is equivalent to 1-torsion freeness. On the other hand, for a finitely generated R-module
M , torsion freeness is equivalent to M being a submodule of some free R-module of finite rank.

We consider a torsion free module M , which we can think of as embedded in the free module

M
ι
→֒ F := Ra for some finite a. The diagram

M
ι

//

εM

��

F

εF

M∗∗
ι∗∗

// F ∗∗

enables one to also embed M∗∗ in F = F ∗∗. In case R additionally satisfies (Refl) then by this
one can compute the reflexive hull of M in Ra: M ≤ M refl = M∗∗ ≤ Ra.

> restart;

> with(Involutive): with(homalg):

Specify the homalg-table of the ring package Involutive:

> RPI:=‘Involutive/homalg‘;

RPI := Involutive/homalg

1Unless stated otherwise, we always consider left modules.
2The proof in [Qua99] is reproduced in [PQ03, Corollary 2, p. 12], which is available online.
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Use the ring package Involutive as the default ring package:

> ‘homalg/default‘:=RPI;

homalg/default := Involutive/homalg

Define the ring R = Q[x, y, z]:

> var:=[x,y,z];

var := [x, y, z]

The presentation matrix M:

> MM:=[[0,0,0,y-1,y*z], [x,x^2+y,x*y+y^2+z,2*x*z+y*z-y+1,x^2+x*y]];

MM := [[0, 0, 0, y − 1, y z], [x, x2 + y, x y + y2 + z, 2 x z + y z − y + 1, x2 + x y]]

The modules M := coker
(

R1×2 M
−→ R1×5

)

, i.e. it is a module on 5 generators with 2 relations:

> M:=Cokernel(MM,var);

M := [[[1, 0, 0, 0, 0] = [1, 0, 0, 0, 0], [0, 1, 0, 0, 0] = [0, 1, 0, 0, 0],

[0, 0, 1, 0, 0] = [0, 0, 1, 0, 0], [0, 0, 0, 1, 0] = [0, 0, 0, 1, 0],

[0, 0, 0, 0, 1] = [0, 0, 0, 0, 1]],

[[0, 0, 0, y − 1, y z], [x, x2 + y, x y + y2 + z, 2 x z + y z − y + 1, x2 + x y]],

“Presentation”, 5 + 15 s + s2 (
15

1 − s
+

10

(1 − s)2
+

3

(1 − s)3
), [15, 10, 3]]

The module M is torsion free:

> IsTorsionFree(M,var);

true

But not reflexive:

> IsReflexive(M,var);

false

Compute the double-dual M∗∗ (although we don’t need this computation in what follows). It is
a module on 4 generators with 1 relation:

> HHM:=HomHom_R(M,var);

HHM :=







[1, 0, 0, 0] =









0
0
0
1









, [0, 1, 0, 0] =









0
x y + y2 + z

x
0









, [0, 0, 1, 0] =









x y + y2 + z
0

x2 + y
0









,

[0, 0, 0, 1] =









−x
x2 + y

0
0











 , [[0, x2 + y, −x, −x y − z − y2]], “Presentation”,

4 + 12 s + s2 (
12

1 − s
+

8

(1 − s)2
+

3

(1 − s)3
), [12, 8, 3]





M∗∗ is reflexive (as expected):

> IsReflexive(HHM,var);

true

But M∗∗ is not stably free and hence not free:

> IsStablyFreeFFR(HHM,var);

false

Embed the torsion free M into a free module M
ι
→֒ F = R1×3:

> iota:=ParametrizeModule(M,var);
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ι :=













x y + y2 + z 0 z2 y2 − y2 z + 2 z2 y + z3 − x z − z2 + x + y + z
0 −x y − z − y2 z − y z + z2 y
−x x2 + y x z − x z2 − x
0 0 −y z
0 0 y − 1













The free module F (the target of ι):

> F:=FreeHullModule(iota,var);

F := [[[1, 0, 0] = [1, 0, 0], [0, 1, 0] = [0, 1, 0], [0, 0, 1] = [0, 0, 1]], [[0, 0, 0]],

“Presentation”,
3

(1 − s)3
, [0, 0, 3]]

ι is indeed an embedding:

> IsHom(M,iota,F,var);

true

> IsInjective(M,iota,F,var);

true

The image of M in F again given by a finite presentation3:

> Image(iota,F,var,"USE_IMAGE_OF_GENERATORS");

[[[1, 0, 0, 0, 0] = [x y + y2 + z, 0, z2 y2 − y2 z + 2 z2 y + z3 − x z − z2 + x + y + z],

[0, 1, 0, 0, 0] = [0, −x y − z − y2, z − y z + z2 y],

[0, 0, 1, 0, 0] = [−x, x2 + y, x z − x z2 − x], [0, 0, 0, 1, 0] = [0, 0, −y z],

[0, 0, 0, 0, 1] = [0, 0, y − 1]],

[[0, 0, 0, y − 1, y z], [x, x2 + y, x y + y2 + z, 2 x z + y z − y + 1, x2 + x y]],

“Presentation”, 5 + 15 s + s2 (
15

1 − s
+

10

(1 − s)2
+

3

(1 − s)3
), [15, 10, 3]]

The induced map M∗∗
µ:=ι∗∗

−−−−→ F ∗∗ = F (compare µ, which is the embedding of M∗∗ into F , with
ι, which is the embedding of M into F ):

> mu:=HomHomMap_R(M,iota,F,var);

µ :=









0 0 1
0 x y + y2 + z 0

x y + y2 + z 0 0
−x x2 + y 0









Compute the image of M∗∗ inside F , i.e. the reflexive hull of M ≤ F in F (compare the list of
relations with that of M∗∗ above):

> HH:=Image(mu,F,var,"USE_IMAGE_OF_GENERATORS");

HH := [[[1, 0, 0, 0] = [0, 0, 1], [0, 1, 0, 0] = [0, x y + y2 + z, 0],

[0, 0, 1, 0] = [x y + y2 + z, 0, 0], [0, 0, 0, 1] = [−x, x2 + y, 0]],

[[0, x2 + y, −x, −x y − z − y2]], “Presentation”,

4 + 12 s + s2 (
12

1 − s
+

8

(1 − s)2
+

3

(1 − s)3
), [12, 8, 3]]

> IsReflexive(HH,var);

true

3Unless invoked with the option "USE IMAGE OF GENERATORS", the procedure Image tries to find fewer generators
of the image.
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