
Bipendulum

In this section we demonstrate methods for the study of structural properties of linear systems
of ordinary differential equations with rational coefficients, i.e. systems defined over the Weyl
algebra of differential operators with respect to time t with rational functions in t as coefficients.
We consider the example of a mechanical system called bipendulum which consists of two pendula
of length l1 respectively l2, fixed at the two ends of a bar [Pom01]. We load the package homalg and
the ring-specific package Janet providing procedures for the algebraic analysis of linear systems
of partial differential equations.

> restart;

> with(Janet):

> with(homalg):

First we define the lists of independent and dependent variables for the linear system:

> ivar:=[t]; dvar:=[x1, x2, x1t, x2t, u];

ivar := [t]

dvar := [x1 , x2 , x1t , x2t , u]

Janet1 indicates that the package Janet will be used with one independent variable. homalg will
then use the Jacobson normal form for ordinary differential operators with rational coefficients
to generate the best basis for a module. This demonstrates how the flexibility of homalg can be
exploited by using different ring-specific features.

> RPJ:=‘Janet/homalg‘;

RPJ := Janet/homalg

> RPJ1:=‘Janet1/homalg‘;

RPJ1 := Janet1/homalg

The system of the bipendulum is described by equating the following system of ordinary differential
expressions to 0:
> R:=[diff(x1(t),t)-x1t(t), diff(x2(t),t)-x2t(t),
g/l1*x1(t)+diff(x1t(t),t)+g/l1*u(t),
g/l2*x2(t)+diff(x2t(t),t)+g/l2*u(t)];

R := [( d

dt
x1(t)) − x1t(t), ( d

dt
x2(t)) − x2t(t),

g x1(t)

l1
+ ( d

dt
x1t(t)) +

g u(t)

l1
,

g x2(t)

l2
+ ( d

dt
x2t(t)) +

g u(t)

l2
]

Here g is the gravitational constant, x1(t) and x2(t) are the positions of the end points of the two
pendula at time t and u(t) is the position of the bar at time t. These differential expressions are
obtained from a second order ordinary differential system by substituting x1t for the derivative
of x1 with respect to time t and similarly for the derivative of x2 with respect to t. Hence, we
consider a first order linear system. The corresponding differential operator, which is expected as
input for the homalg procedures, can be written as follows:

> A:=Diff2Op(R, ivar, dvar);

A :=















[[1, [t]]] 0 [[−1, []]] 0 0
0 [[1, [t]]] 0 [[−1, []]] 0

[[
g

l1
, []]] 0 [[1, [t]]] 0 [[

g

l1
, []]]

0 [[
g

l2
, []]] 0 [[1, [t]]] [[

g

l2
, []]]















Here each entry is to be interpreted as a linear combination of the differential operators d
i

dti rep-
resented by [t, ..., t], i ∈ Z≥0. For example, [[C1, [t, t, t]], [C2, [t], [C3, []]] represents the differential

operator C1 d
3

dt3
+ C2 d

dt
+ C3. We find a presentation of the module associated with the linear

system over the Weyl algebra with rational coefficients, i.e. of the cokernel of A:
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> M:=Cokernel(A, ivar, RPJ);

M := [[[[[1, []]], 0, 0] = [0, 0, [[1, []]], 0, 0], [0, [[1, []]], 0] = [0, 0, 0, [[1, []]], 0],

[0, 0, [[1, []]]] = [0, 0, 0, 0, [[1, []]]]],

[[0, [[1, [t, t]], [
g

l2
, []]], [[

g

l2
, [t]]]], [[[1, [t, t]], [

g

l1
, []]], 0, [[

g

l1
, [t]]]]],

“Presentation”, 3 + 3 s +
s2

1 − s
, [1]]

This presentation uses the above notation for differential operators. A more readable representa-
tion of M can be obtained by using the procedure Pres2Diff from the package Janet:

> Pres2Diff(M, ivar, dvar);

[

[ T1(t) = x1t(t), T2(t) = x2t(t), T3(t) = u(t)],

[

( d
2

dt2
T2(t)) l2 + g T2(t)

l2
+

g ( d

dt
T3(t))

l2
,

( d
2

dt2
T1(t)) l1 + g T1(t)

l1
+

g ( d

dt
T3(t))

l1

]

, “Presentation”, 3 + 3 s +
s2

1 − s
, [1]

]

Using ’Janet1’ (and hence the Jacobson normal form) it turns out that the cokernel is cyclic
and even free (of rank 1). This only holds in the generic case l1 6= l2 because in the following
computation l1 − l2 6= 0 is assumed:

> Pres2Diff(Cokernel(A, ivar, RPJ1), ivar, dvar);

[[ T1(t) = −
l1 x1(t)

l2
+ x2(t)], [0], “Presentation”,

1

1 − s
, [1]]

Now we study the case that the lengths l1, l2 of the pendula are equal:

> R2:=subs(l2=l1, R);

R2 := [( d

dt
x1(t)) − x1t(t), ( d

dt
x2(t)) − x2t(t),

g x1(t)

l1
+ ( d

dt
x1t(t)) +

g u(t)

l1
,

g x2(t)

l1
+ ( d

dt
x2t(t)) +

g u(t)

l1
]

The system needs to be converted to the differential operator form for the use of homalg:

> A2:=Diff2Op(R2, ivar, dvar);

A2 :=















[[1, [t]]] 0 [[−1, []]] 0 0
0 [[1, [t]]] 0 [[−1, []]] 0

[[
g

l1
, []]] 0 [[1, [t]]] 0 [[

g

l1
, []]]

0 [[
g

l1
, []]] 0 [[1, [t]]] [[

g

l1
, []]]















Again we find a presentation of the module associated with the linear system over the Weyl algebra
with rational coefficients, i.e. of the cokernel of A2:

> M2:=Cokernel(A2, ivar, RPJ): Pres2Diff(M2, ivar, dvar);

[

[ T1(t) = x1t(t), T2(t) = x2t(t), T3(t) = u(t)],

[

( d
2

dt2
T2(t)) l1 + g T2(t)

l1
+

g ( d

dt
T3(t))

l1
,

( d
2

dt2
T1(t)) l1 + g T1(t)

l1
+

g ( d

dt
T3(t))

l1

]

, “Presentation”, 3 + 3 s +
s2

1 − s
, [1]

]

From this presentation the structural properties of the module are not evident at first sight.
However, the Jacobson normal form provides a different presentation with two generators, a torsion
and a free one:

> Pres2Diff(Cokernel(A2, ivar, RPJ1), ivar, dvar);
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[

[ T1(t) = −x1(t) + x2(t), T2(t) = x1(t)],

[

( d
2

dt2
T1(t)) l1 + g T1(t)

l1

]

, “Presentation”,

2 + 2 s +
s2

1 − s
, [1]

]

In fact, using ’Janet’ again, we find that the torsion submodule of the cokernel of A2 is generated
by the difference of the positions x1(t), x2(t) of the end points of the two pendula, which is an
autonomous element of the system. This autonomous element satisfies the second order ordinary
differential equation given in the second entry of the result:

> Pres2Diff(TorsionSubmodule(M2, ivar, RPJ), ivar, dvar);
[

[ T1(t) = x1t(t) − x2t(t)],

[

( d
2

dt2
T1(t)) l1 + g T1(t)

l1

]

, “Presentation”, 1 + s, [0]

]
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