
2ExtensionModules

In this worksheet several different examples for computing ExtMod(ηM
L

, ηL
N

) from two 1-cocycles

ηM
L

∈ Ext1(M, L) and ηL
N

∈ Ext1(L, N) with homalg will be given. They cover different cases that
can occur, in particular rigid and non-rigid pairs of 1-cocycles (cf. [BB]).

> restart;

> with(homalg): with(Involutive):

Specify the ring package Involutive as the default ring package, it allows the computation over
polynomial rings.

> ‘homalg/default‘:=‘Involutive/homalg‘;

homalg/default := Involutive/homalg

Let D = Q[x, y, z], this is specified in the variable var.

> var:=[x,y,z];

var := [x, y, z]

1. Example 1

Consider the modules M = coker(M), L = coker(L) and N = coker(N) as follows:

> M:=[x,y];

M := [x, y]

> L := [[x, y], [0, x*y-z]];

L := [[x, y], [0, x y − z]]

> N:=[y,x,z^2];

N := [y, x, z2]

homalg can compute Ext1(M, L) and Ext1(L, N):
> Ext(1,M,L,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyML’);

[[1 =

[

1 0
0 −1

]

], [y, x], “Presentation”, 1 +
s

1 − s
, [1, 0, 0]]

> Ext(1,L,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyLN’);

[[[1, 0] =

[

0
1

]

, [0, 1] =

[

1
0

]

], [[z, 0], [0, y], [y, 0], [0, x], [x, 0], [0, z2]], “Presentation”, s + 2,

[0, 0, 0]]

Choose 1-cocycles ηM
L

and ηL
N

that are not trivial. The procedures abstractlyML and abstractlyLN

assigned in the computation of the Ext-groups calculate an abstract representation of a given 1-
cocycle, i.e. the corresponding linear combination of the generators of Ext1(M, L) and Ext1(L, N)
computed above. We use them to check that the 1-cocycles are indeed not trivial.

> etaML:=matrix([[z, 0], [0, -z]]);

etaML :=

[

z 0
0 −z

]

> abstractlyML(etaML);

z

> etaLN:=matrix([[z], [0]]);

etaLN :=

[

z
0

]

> abstractlyLN(etaLN);

[0, z]
1



2

The Yoneda product of these cocycles vanishes:
> YonedaProductOfCocycles(M,etaML,1,L,etaLN,1,N,var,"return_abstract_ge
nerator");

0 =
[

z2
]

Even though the matrix (z2) representing the product is not zero, the abstract representation
shows it to be trivial in Ext2(M, N). Therefore we know that ExtMod(ηM

L
, ηL

N
) 6= ∅ and compute

a particular solution with the procedure A2ExtensionModule.

> eta := A2ExtensionModule(M,etaML,L,etaLN,N,var);

η :=

[

0
0

]

So with this η we found a 2-extension module E = coker(E) with relation matrix

E =









M ηM
L

(

0
0

)

· L ηL
N

· · N









.

Ext1Of2OneCocycles computes the first extension group of 1-cocycles

Ext1(ηM
L , ηL

N ) = Ext1(M, N)/(Hom(M, L) ◦ ηL
N + ηM

L ◦ Hom(L, N)),

in this case it is not trivial:

> Ext1Of2OneCocycles(M,etaML,L,etaLN,N,var);

[[[1, 0] =

[

0
1

]

, [0, 1] =

[

1
0

]

], [[0, z], [0, y], [y, 0], [0, x], [x, 0], [z2, 0]], “Presentation”, s + 2,

[0, 0, 0]]

The group is not Ext1(M, N) itself, but a proper factor (z ( 1
0
) is trivial here, it is not trivial in

Ext1(M, N)):

> Ext(1,M,N,var);

[[[1, 0] =

[

0
1

]

, [0, 1] =

[

1
0

]

], [[0, y], [y, 0], [0, x], [x, 0], [0, z2], [z2, 0]], “Presentation”,

2 + 2 s, [0, 0, 0]]

So all possible 2-extension modules correspond to η + ηM
N

, where η as above and ηM
N

∈ Ext1(ηM
L

, ηL
N

).
In particular it is immediate that (ηM

L
, ηL

N
) is non-rigid.

2. Example 2

This is the example of Subsection 8.2 in [BB].
Again we choose modules and non-trivial 1-cocycles:

> M := [x,y,z];

M := [x, y, z]

> L := [x^5,z];

L := [x5, z]

> N := [x^5,z];

N := [x5, z]

> Ext(1,M,L,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyML’);







1 =





0
x4

0







 , [z, y, x], “Presentation” , 1, [0, 0, 0]
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> Ext(1,L,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyLN’);

[[[1, 0] =

[

0
1

]

, [0, 1] =

[

1
0

]

], [[0, z], [z, 0], [0, x z], [x z, 0], [0, x2 z], [x2 z, 0], [0, x3 z],

[x3 z, 0], [0, x4 z], [x4 z, 0], [0, x5], [x5, 0]], “Presentation”,

2 + 4 s + 6 s2 + 8 s3 + 10 s4 +
10 s5

1 − s
, [10, 0, 0]]

> etaML := matrix([[0], [x^4], [0]]);

etaML :=





0
x4

0





> abstractlyML(etaML);

1

> etaLN := matrix([[0], [x]]);

etaLN :=

[

0
x

]

> abstractlyLN(etaLN);

[x, 0]

The Yoneda product vanishes,
> YonedaProductOfCocycles(M,etaML,1,L,etaLN,1,N,var,"return_abstract_ge
nerator");

[0, 0] =





0
x
0





so ExtMod(ηM
L

, ηL
N

) 6= ∅. A particular solution is

> eta := A2ExtensionModule(M,etaML,L,etaLN,N,var);

η :=





0
1
0





> Ext(1,M,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyMN’);







1 =





0
x4

0







 , [z, y, x], “Presentation” , 1, [0, 0, 0]





> abstractlyMN(eta);

Error, (in homalg/RightDivide) The second argument is not a right
factor of the first (modulo the third), i.e. the second (+third)
argument is not a generating set!

This means η can not be written as a linear combination of the generators of Ext1(M, N) and is
therefore not an element of this group. This also means that the zero matrix is not a valid solution
for this choice of representatives of ηM

L
and ηL

N
.

The group modelling the solution space is trivial:

> Ext1Of2OneCocycles(M,etaML,L,etaLN,N,var);






1 =





0
x4

0







 , [1], “Presentation”, 0, [0, 0, 0]





so |ExtMod(ηM
L

, ηL
N

)| = 1 and (ηM
L

, ηL
N

) is rigid.
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3. Example 3

> M := [x,y,z];

M := [x, y, z]

> L := [x^5,z];

L := [x5, z]

> N := [x^3,z];

N := [x3, z]

> Ext(1,M,L,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyML’);







1 =





0
x4

0







 , [z, y, x], “Presentation” , 1, [0, 0, 0]





> Ext(1,L,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyLN’);

[[[1, 0] =

[

0
1

]

, [0, 1] =

[

1
0

]

], [[0, z], [z, 0], [0, x z], [x z, 0], [0, x2 z], [x2 z, 0], [0, x3], [x3, 0]],

“Presentation”, 2 + 4 s + 6 s2 +
6 s3

1 − s
, [6, 0, 0]]

> etaML := matrix([[0], [x^4], [0]]);

etaML :=





0
x4

0





> abstractlyML(etaML);

1

> etaLN := matrix([[0], [x]]);

etaLN :=

[

0
x

]

> abstractlyLN(etaLN);

[x, 0]

The Yoneda product vanishes

> YonedaProductOfCocycles(M,etaML,1,L,etaLN,1,N,var,"return_abstract_ge
nerator");

[0, 0] =





0
x
0





and a particular solution is

> eta := A2ExtensionModule(M,etaML,L,etaLN,N,var);

η :=





0
1
0





> Ext(1,M,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyMN’);







1 =





0
x2

0







 , [z, y, x], “Presentation” , 1, [0, 0, 0]





> abstractlyMN(eta);
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Error, (in homalg/RightDivide) The second argument is not a right
factor of the first (modulo the third), i.e. the second (+third)
argument is not a generating set!

As in the previous example, η is not an element of Ext1(M, N), so the zero matrix is not a solution.
However, this time the group Ext1(ηM

L
, ηL

N
) modelling the solution space is not trivial, so (ηM

L
, ηL

N
)

is non-rigid. In fact, Ext1(ηM
L

, ηL
N

) = Ext1(M, N):

> Ext1Of2OneCocycles(M,etaML,L,etaLN,N,var);






1 =





0
x2

0







 , [z, y, x], “Presentation” , 1, [0, 0, 0]
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