2ExtensionModule

> restart;

with(Involutive): with(homalg):
‘homalg/default‘:=‘Involutive/homalg‘;
var:=[x,y,z];

homalg / default := Involutive / homalg
var =[x, y, 2]
> RP:=‘Involutive/homalg‘;
RP := Involutive / homalg

We start with a module E and construct a 2-fold extension

0—MEGy LG EN—0
within it. When we consider this extension, the module we are looking for definitely exists.
> E:=Cokernel([[x"4 + y~3*z,y"4,z"4],[y,z,x"5]],var);

E = [[[]-a 0, O] - [17 0, 0]7 [Oa 1, 0] - [07 1, O]a [Oa 0, 1] - [Oa 0, 1]]7
[[z* + 92 2, v*, 2%, [y, 2, 2°]], “Presentation”,
14 1

- 44
18 52 3444644 65 + + 44, 14,1
3+9s5+185°+30s° +445" +s (1 s T U—s2 5)3)’[ , 14, 1]

Add relations to F to get a factor module M:
> _phi:=[[x"2,y72,2"2],[x"3,y"3,2z73]];
-p = [[127 y27 Z2]a [1‘3, y3a 23]]
M:=Cokernel (_phi,E,var):
pi:=CokernelEpi(_phi,E,var);

1 0 O
=10 1 0
0 0 1
> Gl:=Kernel(E,pi,M,var);
G1:=[[[1, 0] = [z%, %, 22], [0, 1] = [0, —y® + w92, 22 = 23], [y° 222 — y° 23 — 2¢° 2%z
Fyt et b yB e — a4 aaS e a0y — 29y — 25 23 4 2t gt
P22 42y 2t — 5% — S za® — 2% y? + 2Tyt + 23 2%]], “Presentation”,2 +6s
+ 125242053 +305* +425° 4+ 5655 + 7257 + 90 5% + 110 57 + 132510 + 156 s'1
47512(]?5?; a f%;)2—+ (1_}5)3),[156,24,1H
> iota_:=KernelEmb(E,pi,M,var);
22 2 52

wota-:= 1 P +axy? w223

Add fewer relations to E to get a factor module G that itself has M as a factor:
> GO:=Cokernel ([_phi[2]],E,var);

GO0 :=[[1,0,0] =1, 0,0], [0, 1,0] = [0, 1, O], [0, 0, 1] = [0, 0O, 1]],

23, v, 2], [-v3 2z, vy — o, w22 — 24, [y, 2, 2°]], “Presentation”,
41 12
2 3 4., 5
3495 +1857 + 2050 415 + 87 (7 + gy [41,12,0]
> lambda:=CokernelEpi([_phi[2]],E,var);
1 0 0
A=10 1 0
0 0 1

1



> phi:=ComposeMaps(iota_,lambda,GO,var);
2 2 2
T Y z
P = 0 2 3

—y3+axy? x2?—z
> N := Kernel(Gl, phi, GO, var);

N =1 =[z% 93 2%, [0], “Presentation”, [0, 0, 1]]

1
(1—5)3
> iota := KernelEmb(Gl, phi, GO, var);

=[x -1
The resulting 2-extension is
> TwoExtension:=N,iota,G1l,phi,GO,pi,M:
> IsExactCoseq([TwoExtension],var);

true

(extensions have to be given in reverse order, i.e. the arrows point to the right), it is trivial in
YEX‘52(M7 N) as expected.

> CocycleOfExtension(TwoExtension,var,"return_abstract_generator");

0— [ P Pr—yt2r — A Bt a8y — 2% y? }
We can factorize the extension into the two 1l-extensions and then compute the corresponding
1-cocycles 77%4 and nﬁ,:

> OneExtensions:=‘homalg/FactorizeExtension‘(TwoExtension,var):

> etaML := CocycleOfExtension(op(OneExtensions[2]),var);
1
etaML = v
ry
0
> etalN := CocycleOfExtension(op(OneExtensions[1]),var);

etaLN = [ —xTyt 420 =293 2 — Bt P 22 Pz 4 2y }
The module L is Go/N, it is the last module of the first 1-extension. The normalization of the
modules is needed for computational reasons.
> L :=
NormalizeInput (ResolutionOfModule (OneExtensions[1] [-1],var,"TRUNCATE"=
0)[11);

I = [[y523—y4z4—y3z5+2$5y6—x8y4+$9y3—z4$4+z5$3]]
> M := NormalizeInput (ResolutionOfModule(M,var,"TRUNCATE"=0) [1]);
M = [[1’27 y27 ZQ]) [Oa 7?/3 + Iy2a 1'22 - 23]7 [yd Z, 07 yl‘Z2 - yzd - IZB + Z4]ﬂ [ya Z, 1'5]]
> N := NormalizeInput(ResolutionOfModule(N,var,"TRUNCATE"=0) [1]);
N = [[0]]

The cocycles are both not trivial:

> Ext(1,M,L,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyl_ML’):

> abstractlyl_ML(etaML);

1
> Ext(1,L,N,var,"var_to_assign_proc_to_express_generators_abstractly"=’
abstractlyl_LN’);

=11, 22—zt —y32° + 2% y° — a8y + 2% % — 2% 2% + 25 23], “Presentation”, 1
+35+652+108%+ 155+ 2155 + 2855 + 3657 +455% + 5557 + 66 510 4 78 11
78 12

+ 812 (1—_5 + m), [78, 12, 0]]



> abstractlyl_LN(etaLN);

Tyt P2 2Pt = Bt 1 yB 22 4P rad 2%y
Equivalently, another procedure to verify that the 2-extension is trivial computes the YONEDA
product of the 1-cocycles.

> YonedaProductOfCocycles(M,etaML,1,L,etalN,1,N,var,"return_abstract_ge
nerator");

0= [ P2 2Pt P P aad — %y oyt 4 2Bt ]
so we know that a 2-extension module exists. The procedure procedure A2ExtensionModule finds
a particular solution to the linear system:
> eta := A2ExtensionModule(M,etaML,L,etalLN,N,var);

0
1

Tty
0

So all solutions are this 7 plus any 1-cocycle from the first extension group of 1-cocycles Ext! (772/1 , 77]{4,)

> Ext1_MN := Ext(1,M,N,var);

n =

y2

B ry?
0
z

We see that in this case Ext'(M, N) = 0 and therefore Ext'(nM,nk) = 0. So 7 is in fact the only
valid solution and (n,n%) is rigid.
Now we can write down the resulting relation matrix E:

> zero_21 := matrix(RP[NumberOfRows] (L) ,RP[NumberOfGenerators] (M),0);
zero_31 := matrix(RP[NumberOfRows] (N) ,RP[NumberOfGenerators] (M),0);
zero_32 := matrix (RP[NumberOfRows] (N) ,RP[NumberOfGenerators] (L),0);

zero_21 = [ 0 0 O }
zero_31 = [ 0 0 O }

zero_32 = [ 0 ]

> EE:=linalg[blockmatrix] (3,3, [
M,etaML,eta,

zero_21,L,etalN,
zero_31,zero_32,N]);

Ext1 _MN = ||1 = , [1], “Presentation”, 0, [0, 0, 0]

FE =

22, 4%, 2%, 1, 0]

0, —y3+axy?, 222 —2%, 2, 1]
[WPz,0,yx2?—y2d —223+24 2y, 2+
[y, z,2%,0,0]

[

0,0,0,y%23 —ytzt — 325 4+ 20098 — 2Byt +2%¢3 — 2ot + 2548,
—$7y4+z5$2—2y3z4—23x4+y522+y5zx5+$9y2]
[0,0,0,0,0]

> Cokernel (EE,var);

[[[]-a 0, O] - [17 0,0,0, 0]7 [07 1, O] - [07 1, 0,0, 0]7 [07 0, 1] - [Oa 0,1,0, 0]]7
[[z* + 92 2, v*, 2%, [y, 2, 2°]], “Presentation”,
3+9s+18s%+30s% + 445 4 5% ( s + 1 + ! ), [44, 14, 1]]
1—s (1—s)2 (1—=s)3"7" 77
So the resulting module is exactly the module E we started with.
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